Chapter 14

• K-Means Clustering

– Goal: find the c mean vectors 1, 2, …, c.
– Replace the squared Mahalanobis distance
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– Use the iterative scheme to find μˆ 1 , μˆ 2 ,..., μˆ c .
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– If n is the known number of patterns and c the desired
number of clusters, the k-means algorithm is (c
samples randomly chosen from the dataset as initial
cluster centers):
Begin
initialize n, c, 1, 2, …, c(randomly
selected)
do classify n samples according to
nearest i
recompute i
until no change in i
return 1, 2, …, c
End

Exercise 2 p.594 (Textbook)
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Example:
The 25 samples shown in the table were drawn sequentially
from the following mixture with μ1 = −2 and μ2 = 2.
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• Considering the example in the previous figure

Figure 10.1: The k-means clustering procedure is a form of stochastic hill
climbing in the log-likelihood function. The contours represent equal loglikelihood values for the one-dimensional data in Example 1. The dots indicate
parameter values after different iterations of the k-means algorithm. Six of the
starting points shown lead to local maxima, whereas two (i.e., μ1(0) = μ2(0)) lead
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to a saddle point near μ = 0.

• Figure 10.1 shows the sequence of values for μ̂1
and μ̂ 2 obtained for several different starting
points. Since interchanging μ̂1 and μ̂ 2 merely
interchanges the labels assigned to the data,
the trajectories are symmetric about the line
μˆ 1  μˆ 2 .The trajectories lead either to the
point μ̂1= −2.176, μ̂ 2 = 1.684 or to its
symmetric image. This is close to the solution
found by the maximum-likelihood method
(viz., μ̂ 2 = −2.130 and μ̂1 = 1.688), and the
trajectories show a general resemblance to
those shown in Example 1.
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C=3
The three initial
cluster centers,
chosen randomly
from the training
points.

FIGURE 10.3. Trajectories for the means of the k-means
clustering procedure applied to two-dimensional data. The final
Voronoi tesselation (for classification) is also shown— the means
correspond to the “centers” of the Voronoi cells. In this case,
convergence is obtained in three iterations.
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Fuzzy k-means clustering
• In every iteration of the classical k-means
procedure, each data point is assumed to be in
exactly one cluster
• We can relax this condition and assume that each
sample xj has some graded or “fuzzy” cluster
membership μi(xj) in cluster ωi, where 0≤ μi(xj) ≤ 1.
• At root, these “memberships” are equivalent to the
probabilities Pˆ (i | x j , θˆ )
• In the resulting fuzzy k-means clustering algorithm
we seek a minimum of a global cost function
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where b is a free parameter chosen to adjust the
“blending” of different clusters. If b is set to 0, this
criterion function is merely a sum-of-squared errors
criterion we shall see again in Eq. 49. If b>1, criterion
allows each pattern to belong to multiple clusters.
The probabilities of cluster membership for each point
are normalized as
(25)

At the solution, i.e., the minimum of L, we have
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Then we have
(27)

and

(28)
Algorithm 2 (Fuzzy k-means clustering)
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At early iterations the means lie near the center of the full data
set because each point has a non-negligible “membership” (i.e.,
probability) in each cluster. At later iterations the means separate
and each membership tends toward the value 1.0 or 0.0.
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The classical k-means algorithm is just of special case
where the memberships for all points obey
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